ABSTRACT The output voltage of a dual LCL inductive power transfer (IPT) system varies with the load and mutual inductance, which can affect the system performance, e.g., the charging speed of electrical equipment. This paper proposes a robust controller to maintain constant output voltage against the load and mutual inductance variations. A µ-synthesis method is proposed based on structured singular value to design the dual LCL IPT closed-loop system. The frequency-domain nominal model of the system is established by using the generalized state-space averaging (GSSA) method. A standard M-configuration is generalized through separating the nominal and uncertain block by upper linear fractional transformation (LFT). The µ-controller is finally obtained by D-K iteration. The robust performance analysis and time-domain performance analysis are also carried out. The simulation and experimental results verified the effectiveness of the proposed modeling and controller design, and demonstrated the robust stability and robust performance of the dual LCL IPT system. INDEX TERMS Generalized state-space averaging (GSSA), inductive power transfer (IPT), robust control, µ-synthesis.
I. INTRODUCTION
Inductive power transfer (IPT) based on electromagnetic induction is a popular wireless power transfer technology, which has attracted the attention of scholars and researchers in recent years. It has been widely adopted in electric vehicles [1] - [2] , rail transit [3] - [4] , household appliances [5] , implantable medical devices [6] , wearable mobile devices [7] , etc.
For an IPT system, variation of circuit parameters, such as load and mutual inductance, are a common phenomenon due to specific operating conditions of the system, which will cause random drift of inherent resonant frequency of the resonant circuit [8] , the reduction of the power transmission capacity and system performances to a certain extent, and
The associate editor coordinating the review of this manuscript and approving it for publication was Ho Ching Iu. also affect the stable operation of the system [9] . In order to solve these aforementioned issues, more and more research methods such as circuit topology optimization and advanced control strategies are carried out. One way to reduce the effects of uncertainties is to use special circuit structures such as capacitor-inductor-capacitor (CLC) [10] , inductor-capacitor-inductor (LCL) [11] or series-parallelseries (SPS) [12] compensation topologies, which can provide constant voltage or current characteristics with a single parameter change without feedback control and communication between the primary and secondary sides. Another way to deal with uncertainties is to adopt control methods. There are some single-objective control methods without system modeling including dynamic tuning method [13] and pulse density modulation self-oscillation tuning frequency tracking method [14] , so as to ensure the operating frequency of the system is consistent with the resonant frequency of the resonant network. However, the above research methods rely on the resonant compensation topologies, and the adaptability, stability as well as robustness of multi-parameter variation are slightly poor without establishing a more accurate system mathematical model. Therefore, the system behaviors (ie, transient and steady-state characteristics) and closed-loop control design based on system parameter modeling are widely studied.
A closed-loop digital PI controller based on an approximate small-signal model for LCL-T structure [15] and a new adaptive sliding-mode control scheme [16] were designed to achieve good reference tracking performance of the system, but these have poor robustness due to high-order and nonlinear characteristics of the system. Besides, there exists difficult to eliminate the negative effects of external interference and parameters variation. Li, et al proposed a twodegree-of-freedom H ∞ controller for SS-IPT system which can effectively improve the transient performance on the basis of guaranteeing the robustness of the voltage stabilization [17] . A closed-loop system of the relay structure which is applied in an EV charging system considering load uncertainty and external disturbance has achieved good tracking of the reference output voltage and robustness [18] . H ∞ optimal approach for CLC-type system considering frequency variation can achieve robust stability against unstructured uncertainties and nominal performance requirement, but it neglects robust performance requirement [19] . Due to the comprehensive consideration of the above factors, structured singular value µ analysis method has been proposed to test the robust stability and robust performance (RSRP) of a system considering structured perturbations, which can avoid the conservatism of H ∞ control design [29] - [32] . In view of the frequency uncertainties of CLC-type structure [20] and the coupling coefficient variation in the case of different position offsets based on SP-type structure [21] , µ-synthesis control system is designed to realize RSRP, which is verified to achieve good performance and is applicable to other structures.
Although robust control has been widely used in an IPT system, it can be found that the current research mainly focuses on single parameter variation. Multi-parameter variation is a common phenomenon in IPT systems while due to the complexity of the system structure. Therefore, taking into account the control requirements of multi-parameter variation of the system and the applicability of µ control in non-conservativeness aspects, this paper proposes a robust µ-controller considering the perturbation of load and mutual inductance to achieve effective control output of the closed-loop system. This study takes an LCL resonant topology as an example, which generates strong resonance and a high power factor for reducing voltage and current stresses on the primary power converter [22] . This topology is also widely used in energy bidirectionally fed power transmission systems.
The rest of this paper is arranged as follows: Section II briefly introduces the working principle of dual LCL IPT system. In Section III, the frequency-domain linear model and the uncertainties model of load and mutual inductance parameter perturbation adopted linear fractional transformation (LFT) are built up. In Section IV, a standard Mstructure for robust stability is established and the robust performance is analyzed. The D-K iterative algorithm is used to design the µ-controller. Finally, the simulation and experimental results in Section V further verify the RSRP of the closed-loop system based on the µ-controller and realize good robustness.
II. WORKING PRINCIPLE OF DUAL LCL IPT SYSTEM
The circuit structure diagram of the dual LCL IPT system is shown in Fig. 1 . The whole system can be divided into the primary side and the secondary side. Regarding the primary side, the DC voltage E dc is the system input, which is obtained by the AC voltage through rectification, voltage regulation and filtering. The high-frequency inverter network is composed of two switch pairs (S 1 , S 4 ), (S 2 , S 3 )), which outputs high frequency AC energy to the resonant network (LCL type resonant network, consisting of L p1 , L p2 and C p ) through alternately switching. For the secondary side, it is composed of the LCL type resonant network (consisting of L s1 , L s2 , and C s ), the rectifying network (consisting of four rectifying diodes), the filtering network (consisting of C f ), and the load R L .
For the IPT system, the resonant frequency of the resonant network and the switching frequency of the inverter are kept consistent to ensure the power factor of the resonant network is 1, and the natural resonant frequency ω 0 is expressed as:
The root mean square (RMS) value of the output voltage U in of the inverter can be expressed as
When the whole network is in resonance state, the resonance network parameters satisfy the following condition according to the design requirements of the system.
According to the principle of electromagnetic induction, the value of the secondary side induced voltage U oc is expressed as (4) , where M represents the mutual inductance between the primary and secondary side coils.
Based on the principle of power conservation, R eq is the equivalent input resistance of the rectifier given as (5) , where U oc is RMS of the secondary side open circuit voltage, U o is the load output voltage and Q s is quality factor [23] .
III. MODELING OF DUAL LCL IPT SYSTEM
In order to study the dynamic behavior characteristics of the system under parameters perturbation, it is necessary to establish the mathematical model of system for analysis.
A. GENERALIZED STATE SPACE AVERAGING MODEL
The inductor currents and capacitor voltages in the circuit are selected as state variables, so the state variables of the dual LCL-type IPT system is 
where · 0 and · 1 (or · −1 ) respectively denote the zero-order and first-order Fourier coefficients of the circuit variables. Furthermore, · −1 represents the complex conjugation of · 1 .
The state variables of the GSSA model is set as follows:
According to the circuit topology of the system, with the GSSA modeling method [24] , the generalized differential equations are established as follows:
represents the primary side inverter link switching function, and sgn(t) is the switching function of the secondary side rectification link, which are expanded by Fourier series. By circuit analysis, the phase difference is π/2, that is θ = π/2.
Decompose the selected state variables to obtain the generalized state variables of the system.
The GSSA nominal model of the double LCL type system is obtained:
where A, C, D is a constant system matrix, and B is a constant control matrix (Appendix A), y is the output voltage U Cf . Moreover, Decoupling of state variables and switching variables (s(t) and sgn(t)) are realized from time domain to frequency domain. The nonlinear dual LCL-type IPT system has been successfully approximated to a linear system.
B. UNCERTAINTY MODEL UNDER PARAMETER PERTURBATION
In the dual LCL type IPT system, the uncertainty of the load R L and the mutual inductance M is considered in the model. The ranges of variation of R L and M directly affect system performance. Mathematically, parameters uncertainty can be represented as (13) and (14).
where R 0 and M 0 are the nominal design value of load and mutual inductance respectively. p R and p M denote the range of the parametric uncertainties, and ||δ R || ∞ ≤1 and y R and u R are the input and output of δ R . y iM and u iM are the input and output of δ M respectively. x i represents the state variables of the system, v R = x i *1/R L , v iM = x i *M . Therefore, the relationship between the separated nominal part and the uncertain part can be expressed as:
The uncertain part of the state variable constitutes the system's uncertainty matrix expressed as (18) and the norm condition || || ∞ <1 is satisfied. The definition of y p and u p are the input and the output of respectively.
Therefore, the uncertainty model of the system can be transformed into linear dynamic system with perturbation feedback:
Equation (19), x ∈ R 13 is the generalized state variable; u is input voltage signal E dc ; yis the load output voltage; Thus, a generalized controlled object G can be obtained as (21) (in Appendix B).
IV. CLOSED LOOP CONTROL SYSTEM DESIGN AND PERFORMANCE ANALYSIS
The controller design of the closed-loop system will be carried out based on the above established generalized space model and system performance requirements will also be verified in this subsection.
A. µ-CONTROLLER DESIGN
In the dual LCL IPT system, a robust feedback µ-controller u(s)= K (s)y(s) is designed based on the diagram of Fig. 3 . 
W p is a weighting function of the sensitivity function S. W p is a low-pass filter with the same bandwidth as the disturbance, which is used to describe the spectrum characteristics of the disturbance and has low-pass properties. The gain of S is minimized so as to suppress disturbance with regularly occurring in the low frequency region. Therefore, the weighting function in the low frequency band should be as large as possible. Under the premise of satisfying the dynamic quality requirements of the system without increasing the order of the controller, it can be selected as follows:
where ω p = ω c ≥ ω L , the expected open-loop cut-off frequency of the system is ω c . The bandwidth of low frequency disturbance is ω L so that the closed-loop system can effectively suppress low frequency disturbance. W u is weighting function of the KS. The use of W u can limit the size of the control amount and prevents the serious saturation phenomenon in the actual process, that is, the excessive control amount can cause damage to the actuator. W u is used to describe norm bounds of parameter perturbation at low frequency ranges. Similar design principle is adopted according to the selection of weighting function in literatures [25] - [26] . W p and W u reflect the performance requirements of different frequency bands of the system. So they are selected as (24) according to the system parameters and the above design idea.
In summary, the amplitude-frequency characteristic of each weighting function is shown in Fig. 4 .
By substituting G into the robust control toolbox of MAT-LAB with dkit command [27] - [28] , the µ robust controller of the dual LCL type IPT system can be calculated.
B. µ-SYNTHESIS: D-K ITERATION METHOD
In order to reflect the effect of the designed µ-controller, the structural singular value (µ) is introduced to determine the robustness under the control of parameters perturbation system, and a standard M-structure is used for analysis as shown in Fig. 5 . P (including the nominal object G mds , W p and W u ) represents a generalized object. Transfer function matrix M∈ R n * n is obtained by the lower LFT of P and K . p is set of uncertainty matrix blocks. The first uncertain block of the structural matrix is the uncertainty of the dual LCL-type IPT system modelling and is assumed || || ∞ < 1( (s)∈RH ∞t ). The second block f is virtual uncertain blocks that represents the performance requirement of the system.
The robust performance comprehensive analysis can be attributed to finding a stable controller that keeps the closed-loop system stable with all possible uncertainties existing in the system possibly. The µ synthesis problem can be attributed to satisfying the following conditions.
For optimal condition
can be calculated by selecting a scale matrix D, so the µ-synthesis problem is converted into
For a given ω ∈R (real number set), the matrix D that minimizes the maximum singular value of the above equation may be different. The problem can be described as
For the above problem, D-K iterative algorithm design flowchart is shown as Fig. 6 . The specific design process is as follows:
(1) Selecting the initial scaling matrix D(s) = I (I is the identity matrix);
Defining a diagonal transfer function matrix D:
(2) For a given stable real rational minimum phase D(s), solve the H ∞ optimal design problem and get the controller 
Select a finite number of frequency points within the specified frequency range, corresponding to constant matrix D ω , which may have different values at different frequencies, solve the optimization problem at each frequency point:
Thus, it will get stable real rational minimum phase transfer function matrix D(s) by fitting the curve.
(4) Repeat the above process until the iteration value meets the performance requirements of the design.
The iteration results are shown in Table 1 . It can be seen from Table 1 that the µ value of the closed-loop system is decreasing and the robustness of the system is increasing according to the D − K iterative algorithm described in the previous section. By the end of the last iteration, the iterative µ value gets 0.959, which reaches the preset performance of the closed-loop system. 
C. CONTROL PERFORMANCE ANALYSIS
In the design process, the µ-controller is a high-order controller due to the scalar scale matrix D. It is necessary to perform the reduced-order processing by a certain method and ensure that the performance of the closed-loop system of the two controllers is almost the same. The verification can be performed by the frequency response of the nominal performance, robust stability, robust performance and sensitivity analysis of the reduced-order controller.
According to the controller reduction principle based on the Hankel-norm approximation method, the order of the reduced order controller is 10th order (in Appendix C). As shown in Fig. 7 , the frequency response of the high-order and reduced-order controllers is almost identical and the frequency can be close to 10 5 rad/s.
1) NOMINAL PERFORMANCE ANALYSIS
When analyzing the nominal performance under µ control, the uncertainties affecting the accuracy of the model are not taken into account. For nominal plant G mds , nominal performance can be represented by transfer function matrix T dz from external disturbance d to tuned output z = [e p, e u ] T according to Fig. 3 . That is:
The nominal performance frequency response of the closed-loop system is shown in Fig. 8 , it can be seen that the amplitude-frequency response of the closed-loop transfer function is less than 1 at any value in the frequency range [10 −2 ,10 6 ] under the µ-synthesis control from Fig. 8 . This shows that the µ-synthesis control system is not only internally stable, but also achieves the preset nominal requirement.
After obtaining the µ-controller, µ analysis method is used to test the RSRP of closed-loop system to prove the expected performance requirements of the closed-loop system under various uncertainties and external disturbance factors.
2) ROBUST STABILITY ANALYSIS
The frequency response of the robust stability analysis is shown in Fig. 9 . The horizontal axis is the frequency (rad/s) and the vertical axis is the µ value. The closed loop system with µ-controller has robust stability if and only if the condition of sup ω∈R µ (M)<1 is satisfied. It can be seen that the upper and lower bounds of µ (M) are both less than 1. It meets the design requirement.
3) ROBUST PERFORMANCE ANALYSIS
Closed-loop system not only need to satisfy robust stability, but also have robust performance under the influence of structural uncertainty. Fig. 10 shows the µ [F L (P, K)] frequency response of the robust performance of the closed-loop system. The horizontal axis is the frequency and the vertical axis is µ [F L (P, K)] value. It can be seen from the figure that the value of µ [F L (P, K)] is always less than 1 over the entire frequency ranges. It satisfies the robust performance. The largest µ value on the waveforms in the figure is 0.528. So the perturbation range allowed by the closed-loop system is || || ≤ 0.528 −1 . 
4) SENSITIVITY ANALYSIS
The sensitivity of closed-loop system is an important index to determine the error of system controller. Under the influence of various uncertainties and external disturbance, the gain of S of the system directly reflects the ability of the closed-loop system to suppress disturbances: the smaller the gain of the mixed sensitivity function, the stronger the anti-interference ability of the closed-loop system, and the smaller the control error of the system output under the influence of external disturbance.
It can be seen from equation (28) that the condition of µ-synthesis design can ensure the performance requirement of the closed-loop system. That is
In order to effectively suppress the influence of external disturbances on closed-loop perturbed system, the mixed sensitivity function according to formula (36) should satisfy the following constraint:
This may be checked by computing the sensitivity function of the closed-loop system and comparing it with the inverse of the performance weighting function (1/W p ). Sensitivity function with K is shown as Fig. 11 .
As can be seen from Fig. 11 , the amplitude-frequency response of the output sensitivity function is always below frequency response of the inverse performance weighting function under the µ control. In addition, the sensitivity function gain is always less than 1, which shows that the output error of the closed-loop system can be well suppressed when both bounded perturbation and external disturbance exist. Therefore, the closed-loop system with µ-controller has good anti-interference ability. 
D. ROBUST ANALYSIS OF CLOSED-LOOP PERTURBATION SYSTEM
For more intuitively describing the dynamic performance and stability of the closed-loop perturbation system, the time domain can be used. By setting the reference input and disturbance input, the motion equation of the closed-loop perturbation system is solved in the time domain to obtain the response curve of the system in the time domain. The transient response of the system at the reference input and the disturbance input are shown in Fig. 12(a) and Fig. 12(b) respectively. It can be seen from the figures that the designed controller can achieve better tracking and anti-interference effects, which proves the effectiveness of µ control.
V. SIMULATION AND EXPERIMENTS
In order to make robust design process more clearer and more useful for IPT system with dual LCL as well as other topologies, the design flowchart is given in Fig. 13 .
Considering the requirements of the robust controller of the dual LCL closed-loop system, the selected circuit parameters are shown in Table 2 according to the circuit topology. 
A. SIMULATION ANALYSIS
In order to verify the tracking effect of the output voltage under the µ control during the system start-up process, the simulation time of the system is set to be 0.08s during the simulation, and the reference output voltage of the system is set to be 10V at 0s and 15V at 0.04s respectively. The output voltage tracking characteristics of the system are shown in Fig. 14(a) under the action of the controller. The setting time is 1.3ms and the overshoot is almost 0% in the start-up process. 2.1% overshoot and 4.5ms setting time can be found during the switching. It has good tracking characteristic of the system.
According to the theoretical analysis, the closed-loop feedback system has the characteristic of suppressing external disturbance. The initial input voltage is 60V at 0s and disturbance of 20V is added after 0.04s in the simulation process. The setting time of the waveforms shown in Fig. 14 (b) is shorter and the overshoot is 6.7%, so the anti-interference characteristic meets the design requirements.
An important feature of the closed-loop feedback system based on µ-controller is to suppress the perturbation of system parameters. Fig. 14(c) analyses the closed-loop system with load perturbation. When the load changes from 20 to 10 , the system can also quickly track the given reference voltage with 5% overshoot after 3 ms. The response waveform of the mutual inductance change is shown in Fig. 14(d) . It can be seen that there is setting time of 7ms and overshoot of 10% with changing. Therefore, the control system has better suppression of parameter perturbation characteristic. In order to further verify the anti-interference characteristic of the system, the simulation diagram of output voltage waveform of the system under white noise disturbance is given. The white noise disturbance of the finite bandwidth is superimposed on the output voltage signal during the simulation. The white noise disturbance of the limited bandwidth can be directly generated in the simulink module ''Band-limitedwhite-noise''. The ''Noise power'' is set to 0.04. ''Sample time'' is 0.01 and ''Seed'' is 23341. Fig. 15 shows white noise disturbance waveform and output voltage waveform. Under the action of white noise disturbance, the output voltage of the system fluctuates to a certain extent, but it can quickly track the reference voltage value to achieve stable output. Under the same control law, the magnitude of the fluctuation and recovery time are related to the size of the white noise interference. The larger the disturbance, the larger the fluctuation and the longer the recovery time.
B. EXPERIMENTAL RESULTS
In order to further verify that the dual LCL closed-loop control system based on µ-controller can maintain robust stability and robust performance under parameters perturbation and external disturbance, the parameters used in the experiment are consistent with the simulation parameters. The experimental schematic diagram is shown in Fig. 16 , and the experimental platform for establishing the system is shown in Fig. 17 . It adds Buck circuit as the input based on the original structure in the experiment. The load output voltage U o is measured and sampled by the sampling circuit of the Hall sensor module (CHV-25P), and the voltage is received through the ESP8266WIFI module and information is sent to the controller. The Hankel-norm approximation method is used to reduce the order of the controller to obtain a 10th order controller. In order to obtain better control effect, the robust controller performs discretization processing and uses STM32F103 for controller operation and PWM output, which is converted into the driving signal of the Buck circuit and provides drive signal for the inverter. The Buck circuit chopping frequency is 50 kHz, the input voltage is 60 V, the filter inductance L d is 1mH, and the output capacitance C d is 100 uF.
In the experiment, the buck output voltage is equal to the output of the µ-controller. Under pulse width modulation, the turn-on ratio of the switching transistor of the buck circuit in one cycle is
Through the above analysis, the performance of the low-order continuous controller is almost similar to that of the original high-order µ-controller. The low-order continuous µ-controller obtained in the previous section IV needs to be discretized in order to better handle and ensure real-time regulation of the system in STM32F103. The discretization method and the sample time step size affect the accuracy of the discrete controller; the accuracy of the discrete controller can also be reflected by the output response. In this paper, the equivalent digital controller is obtained based on Tustin Transformation's discretization method. This method can match well in frequency domain between continuous time and discrete time models. In the process of discretization, the sampling period of T s = 1 us is short enough to ensure certain calculation accuracy. The discrete controller is In order to verify the tracking output effect of the system at the start-up time, the output voltage is set to be 10 V and the output voltage U 0 and the waveform of the primary current i Lp in the steady state is tested as shown in Fig. 18 . The system can reach steady state. The output voltage waveform of primary inverter and the current waveform of primary coil have a phase difference of 90 • after the steady state, which is in consistent with the characteristics of the LCL network under the action of the controller. The primary coil current is a sinusoidal waveform with a lower distortion.
In order to verify the tracking effect of the controller, the system output is set from 10 V to 15 V. It can be seen from the Fig. 19(a) that the response time is 11ms, the response waveform has almost no overshoot and good tracking reference output voltage.
In the dual LCL type IPT system, the input voltage is disturbed by fluctuation of the power grid. The initial input voltage is set to 60V and input voltage interference of 10V is added at some point. The system response waveform is shown in Fig. 19(b) . It can be seen that i Lp remains unchanged. The output voltage reaches a steady state after a short dynamic process and achieves anti-interference effect.
In order to verify the robust control effect of the control method under the perturbation of load and mutual inductance, the expected output voltage is set to be 10V with load changing from 20 to 10 in the first switching and changing from 10 to 20 in the second switching. The experimental waveform of the load perturbation is shown in Fig. 20(a) . During the load variation process, the output voltage enters the steady state after the less adjustment process. There is the overshoot of 22% and it costs about 20ms in the process of load switching. The current waveform of primary coil still has good sinusoidal characteristics. The experimental waveforms of the the mutual inductance perturbation are shown in Fig. 20(b) . It can be seen from the figure that it has smaller overshoot of 20%, setting time of 25ms and the output voltage quickly reaches the desired set value under the action of the µ-controller when the system receives the perturbation of the mutual inductance parameter. Fig. 20(c) is output waveforms with two parameters changing in the system. When the parameters change, the output voltage is overshoot of 18% and can reach the set value quickly. The designed controller has better control effect. It can be seen that the closed-loop system has better robustness and the effect of suppressing parameters perturbation under µ control.
VI. CONCLUSION
Aµ-synthesis robust control for the dual LCL IPT system of the closed-loop system with the uncertainty of load and mutual inductance parameters is proposed and developed in this paper. The linearized nominal frequency domain model and uncertainty model of double LCL topology are established based on the GSSA method and LFT principle. A µ-controller is designed by using D-K iterative method, and the control performance and transient performance of the system are both analyzed in this work. Experimental results show that the closed-loop system can quickly and accurately track the reference voltage, effectively suppress the influence of external disturbance and parameters perturbation and obtain output robustness. µ-synthesis control is characterized by the ability to obtain RSRP of system G k = 2.508e − 5s 10 + 1. with respect to structural perturbations. At the same time, it can avoid unnecessary conservative design. The control method developed in this paper can also be applied to such uncertain systems in view of the complex dynamic behavior of IPT systems and has good application value in IPT system. 
